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ON SOME PROBLEM WITH FIXED SINGULARITIES OF VEKUA
Let jt be the complex plane. We shall consider a region D + lying in jr , bounded by a smooth closed curve T . The orientation of T is Such that the right-angle rotation from the positive direction of a tangent to the corresponding interior normal with respect to the region D + is consistent with the rotation from the real axis Ox to the imaginary axis Oy. The complement of the set D + uT to the entire open complex plane will be denoted by D~. By H^T) we denote the space of complex-valued functions defined on T satisfying the Holder's condition with an exponent cf , A norm of ueH^CT) is defined by the formula |u(t2)-uCt^ )| |u|| = max|u(t)| + sup ter w r IVM
The space H^CT) with the norm determined in such a way is a Banach space. For the sake of clarity we shall quote a lemma on the change of order of integration with fixed singularity (cf.
[5]).
Lemma. If a complex function f{tfv) defined on |t eT, t e T} satisfies Holder's condition with respect to both variables, and r is an arbitrary fixed point of the curve r, then
Mf/
Consider a boundary value problem which consists in finding a function $ (z) holomorphic in the domain D + and such that its derivatives up to the m-th order (m»1) have boundary values ,DI, satisfying at each point t e r the following Vekua-type linear-integral rela-. tion
where L is a differential-integral operator defined by the formula d=o I r 
where V e T, z e D , and by m (1-I-) we understand this branch of the logarithm which vanishes at z=0 for fixed t .
The function fx (t) and the constant C should be chosen in such a way that the function defined by (2) satisfies the boundary condition (1). For V & T the derivatives of N Q (z,r) with respect to z are given by the following formulas (cf.
[1], p.243):
It follows from (3), (4) that when z tends to t /r on r, the boundary values N.(t f r) (satisfying Holder's condition t) with respect to both variables) can be obtained for j<m-1. For t = r, N m _^(t,r) has a logarithmic singularity, i.e. a weak one, and N m (t,r) has a strong singularity of the type (t-r) -1 .
Hence boundary values of the function (2) and its derivatives up to the (m-1)-th order are defined by the formulas Observe that
The validity of (10) for 3=0,1,m-1 follows from Poincare-Bertrand's transformation and for J=m from the lemma mentioned in this paper.
Consequently, equation (7) where R(t,r) satisfies Holder's condition with respect to both variables. The derivation of equation (11) shows that it is equivalent to problem (1). Indeed, if for a suitably chosen constant C there exists a solution of equation (11), then putting it into (2) we obtain a solution of problem (1). Solutions of "both equation (11) According to the generalized theorem of Privalov (cf. [2] ), f*(t) defined by (8) belongs to the space H« (T)t where = min(<*,j, a'), and a' is an arbitrary number satisfying the inequality 0 <u'<oc .
Since R(t,r) = M(t,r)(r-t) satisfies Holder's condition with respect to both variables with an exponent oc^ , the operator R defined by (15) is a completely continuous operator which transforms the space H" (r) into itself for any y32 satisfying 0 ^P>2 2 H » P*
The functions k.(t,r) defined by (12), (13) satisfying u Holder's condition with respect to both variables also satisfy this condition with respect to the variable t for any exponent ¡pg s 0 proves that the operators Kj defined by (16) Evidently, the functions A, B, f* belong to HA(r). Rewritting (14) in the form
A(t )jj.(t) + B(t) (S fi) (t) + (7>)(t) = f*(t) ,
we easily see that both the normal boundary values problem of Vekua and problem (1) lead to the same type of strongly singular equations. Thus we can repeat Muskhelishvili's reasoning [ij concerning Vekua's problem.
By assumption II, the integral equation (11) Putting into (2) the solution /¿eH^r), of integral equation (11), where X is defined by (17), we obtain the desired solution !P(z) of problem (1).
Clearly, the boundary value of the m-th derivative S> m (t) and consequently the boundary values of all derivatives of the lower orders satisfy Holder's condition on r with an exponent A .
